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                \begin{document}$$\{a, b, c, d_+\}$$\end{document}$ is a Diophantine quadruple. Dujella proved in \[[@CR9]\], that there are no Diophantine sextuples and also that there are only finitely many Diophantine quintuples. This result is even effective, since an upper bound of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$d = d_+$$\end{document}$. The "weaker" conjecture has recently been settled by He, Togbé and Ziegler (cf. \[[@CR19]\]), whereas the stronger conjecture still remains open.

Now it is an interesting variation of the original problem of Diophantus to consider a linear recurrence sequence instead of the sequence of squares. So we ask for bounds *m* on the size of tuples of integers $\documentclass[12pt]{minimal}
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                \begin{document}$$1\le i<j\le m$$\end{document}$. We shall call this set a *Diophantine m-tuple with values in the linear recurrence* (or a Diophantine *m*-tuple in the recurrences, for short). Here, the first result was due to Fuchs, Luca and Szalay, who proved in \[[@CR12]\] that for a binary linear recurrence sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$(u_n)_{n \ge 0}$$\end{document}$, there are only finitely many Diophantine triples, if certain conditions are met. The Fibonacci sequence and the Lucas sequence both satisfy these conditions and all Diophantine triples with values in these sequences were computed in \[[@CR22]\] and \[[@CR23]\]. Further results in this direction can be found in \[[@CR2], [@CR20]\] and \[[@CR21]\]. Moreover, in \[[@CR1]\] it is shown that there are no balancing Diophantine triples; see also \[[@CR3]\] for a related result. In \[[@CR4]\] it is shown that there are no Diophantine triples taking values in Pellans sequence.

The first result on linear recurrence sequences of higher order than 2 came up in 2015, when the authors jointly with Irmak and Szalay proved (see \[[@CR13]\]) that there are only finitely many Diophantine triples with values in the Tribonacci sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$\{F_n^{(k)}; n\ge 0\}$$\end{document}$ exist. None of these results are constructive, since the proof uses a version of the Subspace theorem. It is not clear, whether there are any Diophantine triples with values in those sequences at all.

The result in this paper deals with a significantly larger class of linear recurrence sequences:
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                \begin{document}$$(F_n)_{n\ge 0}$$\end{document}$ be a sequence of integers satisfying a linear recurring relation. Assume that the recurrence is of *Pisot type*, i.e., that its characteristic polynomial is the minimal polynomial (over $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_n = f_1 \alpha _1^n + \cdots + f_k \alpha _k^n$$\end{document}$. Assume w.l.o.g. that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =\alpha _1$$\end{document}$ is the Pisot number; i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ is a real algebraic integer of degree *k* satisfying $\documentclass[12pt]{minimal}
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Another example for which the theorem can be applied is the polynomial$$\documentclass[12pt]{minimal}
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The proof will be given in several steps: First, a more abstract theorem is going to be proved, which guarantees the existence of an algebraic equality, that needs to be satisfied, if there were infinitely many Diophantine triples. This works on utilizing the Subspace theorem (cf. \[[@CR10]\]) and a parametrization strategy in a similar manner to that of \[[@CR14]\]. If the leading coefficient is not a square in $\documentclass[12pt]{minimal}
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The results {#Sec2}
===========

We start with a general and more abstract statement which gives necessary conditions in case infinitely many Diophantine triples exist. It is derived by using the Subspace theorem (cf. \[[@CR10]\]).
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The proof is given in Sect. [4](#Sec4){ref-type="sec"}.

This theorem looks quite abstract. However, it can be applied to a huge family of linear recurrences. Firstly, it can be applied to all linear recurrences, in which the leading coefficient is not a square:

Theorem 2 {#FPar2}
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The proof of this theorem is given in Sect. [5](#Sec5){ref-type="sec"}.

Another consequence of Theorem [1](#FPar1){ref-type="sec"} applies to linear recurrences of sufficiently large order. Namely if $\documentclass[12pt]{minimal}
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Theorem 3 {#FPar3}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(F_n)_{n \ge 0}$$\end{document}$ be a sequence of integers satisfying a linear recurring relation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_{n+k} = A_1 \, F_{n+k-1} + A_2 \, F_{n+k-2} + \cdots + A_k \, F_n$$\end{document}$ of Pisot type of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \ge 2$$\end{document}$, that is, the characteristic polynomial$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X^k - A_1 \, X^{k-1} - A_2 \, X^{k-2} - \cdots - A_k = (X - \alpha _1) \, (X - \alpha _2) \, \cdots \, (X - \alpha _k) \end{aligned}$$\end{document}$$is an irreducible polynomial of degree *k*, has integer coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_i$$\end{document}$, and has roots satisfying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _1 > 1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\max \{ |\alpha _2|, \, \dots , \, |\alpha _k| \} < 1$$\end{document}$. Then there are only finitely many Diophantine triples $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1<a<b<c$$\end{document}$ with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} ab+1=F_x,\quad ac+1=F_y,\quad bc+1=F_z, \end{aligned}$$\end{document}$$with values in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{F_n; n\ge 0\}$$\end{document}$ if one of the following conditions holds:(i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _1$$\end{document}$ is not a unit.(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 4$$\end{document}$.

This theorem is proved in Sect. [6](#Sec6){ref-type="sec"}.

Before we give the proofs we first start with several useful lemmas that will be used in the sections afterwards.

Some useful lemmas {#Sec3}
==================
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Proof {#FPar5}
-----

It is obvious that we must have arbitrarily large solutions for *y* and for *z*, since otherwise, *a*, *b*, *c* would all be bounded as well, which is an immediate contradiction to our assumption.
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Next, we prove the following result, which generalizes Proposition 1 in \[[@CR13]\]. Observe that the upper bound depends now on *k*.

Lemma 2 {#FPar6}
-------
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The next lemma states the irreducibility (over $\documentclass[12pt]{minimal}
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Corollary 1 {#FPar10}
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Proof of Theorem [1](#FPar1){ref-type="sec"} {#Sec4}
============================================

The aim of this section is to prove Theorem [1](#FPar1){ref-type="sec"}.

Proof {#FPar14}
-----

We first show that if there are infinitely many solutions to ([1](#Equ1){ref-type=""}), then all of them can be parametrized by finitely many expressions as given in ([14](#Equ14){ref-type=""}) for *c* below. The arguments in this section follow the arguments from \[[@CR13]\] and \[[@CR14]\].
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Likewise, we can find finite expressions of this form for *a* and *b*.

Next we use the following parametrization lemma:
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-------
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Proof {#FPar16}
-----
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Linear recurrences with nonsquare leading coefficient {#Sec5}
=====================================================

The aim of this section is to prove Theorem [2](#FPar2){ref-type="sec"}.

Proof {#FPar17}
-----
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Linear recurrences of large order {#Sec6}
=================================

We now prove Theorem [3](#FPar3){ref-type="sec"}.

Proof {#FPar18}
-----

We follow the same notation as in the proof of Theorem [1](#FPar1){ref-type="sec"}. Supposing that we have infinitely many Diophantine triples with values in $\documentclass[12pt]{minimal}
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We first handle (i) in the theorem. Therefore assume that $\documentclass[12pt]{minimal}
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